In this paper, we study a class of Finsler metrics called general (α, β)-metrics, which are defined by a Riemannian metric and an 1-form. We construct some general (α, β)-metrics with constant Ricci curvature.
Introduction
Recently many forms of Einstein Finsler metrics have been either classified or constructed in Finsler geometry. These metrics are defined in the following form:
where α = a ij (x)y i y j is a Riemannian metric and β = b i y i is an 1-form on a manifold. Such metrics are called (α, β)-metrics. The Randers metrics F = α + β are among the simplest ones. To study the non-Riemannian geometric properties of Finsler metrics, one usually begins with a Randers metric. Another important metric F = (α + β) 2 /α is the so-called square metric. It also has some important geometric properties.
A Randers metric can be expressed in the following navigation form: where c is a constant with c 2 = 4(µ − K) ( [1] ). Thus Einstein Randers metrics with Ricci constant K = 1, 0, −1 can be classified upto the classification of Riemannian Einstein metrics and homothetic 1-forms.
A square metric can be expressed in the following form
3)
It has been shown that F is an Einstein metric if and only if
where c is a constant ( [9] ). In this case, it must be Ricci-flat. By (1.4), one can completely determine the local structure of Ricci-flat square metrics ( [4] , [6] , [2] , [12] , [9] ).
One is wondering if there are other types of Einstein (α, β)-metrics. So far, we only know that if an Einstein (α, β)-metric is defined by a non-linear polynomial φ = k i=1 a i s i , then it must be Ricci-flat ( [3] ).
Strictly speaking, the Finsler metrics in the form (1.1) and (1.3) are not (α, β)-metrics. They belong to a larger class of the so-called general (α, β)-metrics, which are defined in the following form
where α is a Riemannian metric, β is an 1-form, b := β x α and φ(b 2 , s) is a smooth function. The notion of general (α, β)-metrics is proposed by the second author as a generalization of Randers metrics from the geometric point of view [11] . One of the reasons to consider general (α, β)-metrics is that this is a rich class which contains many interesting Einstein metrics with non-zero Ricci constant.
The Randers metric in (1.1) can be expressed in the form F = αφ(b 2 , β/α).
The square metric in (1.3) can be expressed in the form F = αφ(b 2 , β/α).
We notice that the above φ in (1.5) and (1.6) satisfies the following PDE:
Here φ 1 means the derivation of φ with respect to the first variable b 2 . This is indeed an amazing phenomenon.
Our search on Einstein Finsler metrics in this paper is initiated from the square metrics expressed in (1.6) and the above PDE (1.7) satisfied by the square metrics. We shall make the following assumptions:
A1 : the Riemannian metric α is an Einstein metric with Ricci constant µ, and β is an 1-form satisfying 8) where c = c(x) is a scalar function with c 2 = κ − µb 2 > 0 for some constant κ;
A2 : the function φ = φ(b 2 , s) satisfies the following PDE,
Note that if α and β satisfy (1.8) with c = 0, then β is parallel with respect to α, in particular, b = constant. In this case, F is actually an (α, β)-metric. We shall only consider the case when c 2 = κ − µb 2 > 0.
The local structure of α and β satisfying (1.8) can be classified up to the classification of Riemannian Einstein metrics (Proposition 2.2). The two equations (1.8) and (1.9) imply that F = αφ(b 2 , β/α) is a Douglas metric (Proposition 2.3). Observe that if α is Ricci-flat and β is parallel with respect to α, then for any φ = φ(b 2 , s), the general (α, β)-metric F = αφ(b 2 , β/α) is a Ricci-flat Finsler metric of Berwald type. This is a trivial case. We should point out that there are Einstein metrics in the general (α, β)-metric form F = αφ(b 2 , β/α) whose defining function φ does not satisfy (1.9), even though α and β satisfy (1.8). See Section 5 below. In this paper, we shall find some non-trivial Einstein general (α, β)-metrics satisfying (1.8) and (1.9). .
Notice that the function φ in (1.5) satisfies (1.9) and (1.10) with µ = 0 and κ = −4K; and the function φ in (1.6) satisfies (1.9) and (1.10) with µ = 0 and K = 0. Thus there are non-trivial solutions to (1.9) and (1.10) for suitable constants κ, µ and K. In this paper we shall try to solve (1.9) and (1.10) in a nonconventional way. 12) where σ := K/c 2 and q = q(u) satisfies the following equation:
where C ad D are constants.
The general case when α and β satisfy (1.8) with µ = 0 and κ = 0 can be simplified to the above case by appropriate transformations of α, β and φ. The case when µ = 0 and κ = 0 is very special, in this case the main method of deformation in this paper is out of work partly. Maybe it is trivial and we don't need to discuss it. See Section 5 for details.
Preliminaries
In Theorem 1.1, we assume that the scalar function c = c(x) is given by c 2 = κ − µb 2 for some constant κ. This condition is justified in the following Lemma 2.1. Suppose that α and β satisfy
for some constant µ and scalar function c = c(x). Then
3)
Proof: By the Ricci identity and (2.2), we get
Contracting (2.4) with a ik yields
Thus c |0 = −µβ. By (2.2) and (2.4), we get
Thus κ := c 2 + µb 2 is a constant.
The pair (α, β) satisfying (2.1) and (2.2) can be locally determined up to the classification of (n − 1)-dimensional Riemannian Einstein metrics, by which we can understand the underlying geometrical meaning of the constant κ clearly.
Proposition 2.2. Let α be a Riemannian metric and
β an 1-form on an n-dimensional manifold M . α and β satisfy (2.
1) and (2.2) respectively if and only if α is locally a warped product metric on
where h(t) satisfies
2 is a constant. In this case, we have c
Proof: Because β is closed, we can assume that β = df = 0 for some smooth functions f . Then (2.2) is equivalent to
is locally a warped product metric on M = R ×M and β = h(t)dt, where
. By a direct computation, we have
By (2.1) and the above identity, we havê
Assume that (2.6) and (2.7) hold. Then
We now focus on general (α, β)-metrics. Let φ = φ(b 2 , s) be a smooth function defined on the domain |s| ≤ b < b o for some positive number (maybe infinity) b o . Define
where α is a Riemannian metric and β is an 1-form with β α < b o on a manifold M . It is easy to show that 
when n ≥ 3 [11] .
Let α = a ij (x)y i y j and β = b i (x)y i . Denote the coefficients of the covariant derivative of β with respect to α by b i|j , and let
It is easy to see that β is closed if and only if s ij = 0.
According to [11] , the spray coefficients G i of a general (α, β)-metric F = αφ b 2 , β α are related to the spray coefficients α G i of α and given by
where
, then the Ricci curvature of F are related to that of α and given by
where "|" and "." denote the horizontal covariant derivative and vertical covariant derivative with respect to α respectively. The following proposition tells us that the general (α, β)-metric F = αφ(b 2 , β/α) satisfying (1.8)-(1.9) is projectively equivalent to α, hence it is a Douglas metric.
be a Finsler metric. Suppose that β satisfies 
Proof. By (2.12), we have
Substituting (2.15) into (2.10) yields
(a) Assume that φ satisfies (1.9). Then
hence F is projectively equivalent to α.
Assume that F is projectively equivalent to α. Then
for some function P . Notice that b i is a constant vector for a given point but y i is variable, so it is easy to see by (2.17) and (2.19) that (1.9) must be hold when β is not parallel with respect to α.
(b) Assume that φ satisfies (2.14). Then
Thus
Finsler Metrics of Projective Type
The function φ = 
where k 1 , k 2 and k 3 are constants. This functionφ comes from the classification of projectively flat (α, β)-metric defined byφ ( [8] ).
With a positive smooth functionφ satisfying (3.1), we define
and η = η(u) satisfies
Using Maple program, we can see that φ satisfies (1.9). Among this class of φ = φ(b 2 , s), one can find a sub-class of functions satisfying (1.10) for suitable constant κ, µ and K. 
where k > 0 is a constant. Let k = 1. The resulting function φ = φ(b 2 , s) is given by
By a direct computation, the function in (3.3) satisfies (1.10) for µ = 0 and κ = −4K. Thus if α is a Ricci-flat metric ( α Ric = 0) and β is conformal with constant conformal factor c (b i|j = ca ij ), then F = αφ(b 2 , β/α) is an Einstein metric with Ricci constant K ≤ 0.
Example 3.2. Letφ = (1 +s)
2 . It satisfies (3.1) with k 1 = 2, k 2 = 0, k 3 = −3. We get
By a direct computation, one can verify that φ in (3.4) satisfies (1.9). It also satisfies (1.10) for µ = 0 and K = 0. Thus if α is a Ricci-flat Riemannian metric ( α Ric = 0) and β is conformal with constant conformal factor c (b i|j = ca ij ), then F = αφ(b 2 , β/α) is Ricci-flat.
Proof of Theorem 1.1
First by (1.8)-(1.9), the spray coefficients G i of F is given by
where c 2 = κ − µb 2 and ψ := (φ 2 + 2sφ 1 )/(2φ). By (2.5), we have
Let P = cαψ. Using (2.11) we get
Thus F is an Einstein metric with Ricci constant K if and only if
In this section, we shall consider the case when α and β satisfy (1.8) with κ = 0. Since we always assume that c 2 = 0 − µb 2 > 0, (1.9) and (1.10) are simplified to
where ψ := (φ 2 + 2sφ 1 )/(2φ). We are unable to find explicit solutions of (5.1) and (5.2). Nevertheless, we find a family of functions φ = φ(b 2 , s) which do not satisfy (5.1) such that the general (α, β)-metric F = αφ(b 2 , β/α)is a Ricci-flat metric of Berwald type. Proof. It is easy to see thatᾱ
where c = c(x) is a scalar function with c 2 = 0 − µb 2 . Let
So by (2.11) we haveᾱ Ric = α Ric − (n − 1)µα 2 = 0.
On the other hand, direct computations show thatb i|j = 0. It is easy to check that φ = φ(b 2 , s) in (5.6) doesn't satisfy (5.1).
6 Deformations of (α, β)
In this section we shall study the case when α and β satisfy (1.8) with κ = 0, namely,
where c = c(x) is a scalar function with c 2 = κ − µb 2 for some constant κ = 0. We shall find a suitable deformation for (α, β) such that the new pair (ᾱ,β) satisfies
2) wherec = 0 is a constant. Note that if µ = 0, we are done since α and β already satisfy (6.2). Thus we shall assume that µ = 0. Besides we always assume that c 2 = κ − µb 2 > 0. In summary, we shall assume that
Lemma 6.1. Let α, β satisfy (6.1). Defineᾱ andβ bȳ
thenᾱ andβ satisfy (6.2) withc 2 = |µ|. In this case, 5) and the reversed deformations are given by
Proof. It is easy to see thatᾱ
On the other hand, direct computations show that
One must be careful in the case when κ < 0 because in this caseᾱ 2 is no longer a Riemannian metric. Actually,ᾱ 2 is a pseudo-Riemannian metric of signature (n − 1, 1). Because it is positive definite on the hyperplane β = 0 and negative when y i = b i . In particular, the norm ofβ with respect toᾱ is negative, i.e., b 2 < 0.
Deformations of φ
In this section, we shall study (1.9) and (1.10) with κ = 0, that is,
where ψ := (φ 2 + 2sφ 1 )/(2φ). We still make the same assumption as (6.3),
Using appropriate substitutions, we shall simplify (7.1) and (7.2) to the following PDEs:
whereψ := (φ 2 + 2sφ 1 )/(2φ).
Lemma 7.1. Suppose that a positive smooth function φ = φ(b 2 , s) is a solution of (7.1) and (7.2) , then the following function
satisfies (7. 3) and (7.4) 
is a solution of (7.3) and (7.4) withκ = |µ|, then the following function
satisfies (7.1) and (7.2).
Proof. Let φ = φ(b 2 , s) be a positive smooth function satisfying (7.1) and (7.2). Take α and β satisfying (6.1) and defineᾱ andβ by (6.4) . Thenᾱ andβ satisfy (6.2) by Lemma 6.1. For the functionφ =φ(b 2 ,s) in (7.5), we have
where s = β/α ands =β/ᾱ. By the same argument in [11] , one can see thatφ(b 2 ,s) satisfies (7.3) if and only if φ(b 2 , s) satisfies (7.1). Notice thatᾱ andβ satisfy (6.2) withc 2 = |µ|, soφ =φ(b 2 ,s) must satisfy (7.4) with κ = |µ| by Theorem 1.1. One can also verify this lemma by Maple program directly.
The converse is proved in a similar way.
Solutions
In order to find Einstein general (α, β)-metrics, we first takeᾱ andβ satisfying (6.2) withc 2 = |µ|, then we find functionφ =φ(b 2 ,s) satisfying (7.3) and (7.4). Then by Theorem 1.1 the general (α, β)-metric F =ᾱφ(b 2 ,β/ᾱ) is Einstein with Ricci constant K. Using the above deformations, we express F in another form F = αφ(b 2 , β/α) where α and β satisfy (6.1) and φ satisfies (7.1) and (7.2). By Theorem 1.1 again, we can see that F is Einstein metric with Ricci constant K.
In this section, we shall solve (7.3) and (7.4). For simplicity, we shall remove the bars. We consider the following PDEs:
where ψ = (φ 2 + 2sφ 1 )/(2φ).
2) can be reexpressed as a simpler form
Lemma 8.1. The non-constant solutions of Equation (8.4) are given by
Proof. (8.4) can be written as
. Set y = dw dv and regard it as a function of w, then
The solutions of the above equation are given by
for some function q(u), hence dw dv = ± q(u) − σw −2 , which means 1 2
So φ are given by (8.5) when q(u) = 0 or (8.6) when q(u) = 0. 10) where q = 0 is determined by the following equation
C and D given above are both constant number.
Proof. Firstly, under the change of variables as (8.3), (8.1) becomes
(1) When φ is given by (8.5), then
So the equation (8.12 ) is equivalent to the following equation
and hence
When σ = 0, p thus φ is a constant number in this case. When σ = 0, we have
for some constant number C. So φ is given by (8.9).
(2) When φ is given by (8.6), then for some constant number C.
The solutions of (8.10) can be reexpressed explictly as follows. In this case, the corresponding general (α, β)-metrics are Riemannian metrics.
(ii) When D = 0 and σ = 0, φ is given by
In this case, the corresponding general (α, β)-metrics are Berwald's metrics. In this case, the corresponding general (α, β)-metrics are first given by [7] as (39) in it.
(iv) When D = 0, σ > 0 and q is real, φ is given by
In this case, the corresponding general (α, β)-metrics are Bryant's metrics.
